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SMOOTH FLAT MAPS OVER COMMUTATIVE DG-RINGS
LIRAN SHAUL
ABSTRACT. We study smooth maps that arise in derived algebraic geometry. Given a
map A → B between non-positive commutative noetherian DG-rings which is of flat
dimension 0, we show that it is smooth in the sense of Toën-Vezzosi if and only if it is
homologically smooth in the sense of Kontsevich. We then show that B, being a perfect
DG-module over B ⊗L
A
B has, locally, an explicit semi-free resolution as a Koszul com-
plex. As an application we show that a strong form of Van den Bergh duality between
(derived) Hochschild homology and cohomology holds in this setting.
0. INTRODUCTION
The aim of this paper is to study smooth maps that arise in derived algebraic geometry.
Since smoothness is a local condition, this study is affine in nature. In classical commu-
tative algebra, smooth maps between commutative noetherian rings are flat. To generalize
this situation, we will study here maps between commutative non-positive DG-rings which
satisfy both a flatness condition, as well as a smoothness condition. There are two promi-
nent smoothness conditions in the literature for maps between commutative DG-rings. The
first one is the notion of homological smoothness due to Kontsevich (see [6]). Another no-
tion, particularly important in derived algebraic geometry, is the notion of smoothness in
the sense of Toën-Vezzosi ([14, Section 2.2.2]). As the main result of this paper, we prove:
Theorem. Let ϕ : A → B be a flat1 map between commutative non-positive DG-rings,
such that the rings H0(A) and H0(B) are noetherian, and the induced map H0(ϕ) :
H0(A)→ H0(B) is essentially of finite type. Then the following are equivalent:
(1) The map ϕ is homologically smooth; i.e, the DG-ring B is perfect over B ⊗LA B.
(2) The map ϕ is smooth in the sense of Toën-Vezzosi.
(3) The diagonal map ∆ : B ⊗LA B → B is a local complete intersection: for any
prime ideal q¯ ∈ Spec(H0(B)), letting p¯ = H0(∆)−1(q¯) ∈ Spec(H0(B ⊗LA B)),
there exist a¯1, . . . , a¯n ∈ H
0
(
(B ⊗LA B)p¯
)
such that there is2 a quasi-isomorphism
Bq¯ → K((B ⊗
L
A B)p¯; a¯1, . . . , a¯n)
where the right hand side is a Koszul complex over (B ⊗LA B)p¯.
This result is contained in Section 3 below, where several other conditions equivalent to
smoothness are given, with some of them making much weaker finiteness and noetherian
assumptions. We find item (3) above particularly surprising, as it indicates that B, being
perfect over B ⊗LA B, is locally given as a derived quotient of B ⊗
L
A B. The results
Mathematics Subject Classification 2010: 16E45, 13D09, 14B25.
1Here, by flat we mean a map of flat dimension 0. See Section 1.1 for the precise definition.
2To be precise, we show that the fact that a specific map being a quasi-isomorphism is equivalent to the other
conditions. See Corollary 3.7.
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of Section 3 are actually particular cases of more general results we prove in Section 2.
There, we study diagrams of commutative non-positive DG-rings of the form
A
ϕ
−→ B
ψ
−→ A
such that ψ◦ϕ = 1A. Such a diagram is called a DG-ring retraction. We study in Section 2
below DG-ring retractions with the extra condition that the map ϕ is flat, and show that in
such a situation, properties of the map ψ ascend and descend to properties of the surjective
map H0(ψ). We then apply these results, given a flat map A→ B to diagrams of the form
B → B ⊗LA B
∆
−→ B
which allows us to deduce the above theorem about smooth maps. As an application of the
above theorem, we obtain the following relation between derived Hochschild homology
and derived Hochschild cohomology, realizing Van den Bergh duality ([15]) in this setting:
Corollary. Let ϕ : A → B be a flat map between commutative non-positive DG-rings,
such that the ringsH0(A) andH0(B) are noetherian, the ring H0(B) has connected spec-
trum, and the induced map H0(ϕ) : H0(A) → H0(B) is essentially of finite type. If ϕ is
smooth then there exist a tiltingH0(B)-module M¯ and an integer n, such that for all i ∈ Z
and allX ∈ D(B ⊗LA B) there is a natural isomorphism
ExtiB⊗L
A
B(B,X)
∼= M¯ ⊗H0(B) Tor
B⊗L
A
B
n−i (B,X).
This corollary is contained in Corollary 3.8. As a corollary of this result, we obtain an
existence result about rigid DG-modules in this setting, see Corollary 3.9.
In the final Section 4 we study homologically smooth maps k→ A, such that k is a ring,
and such that the induced map k → H0(A) is flat. Among the results of that section, we
deduce that under a noetherian assumption, commutative non-positive DG-rings are never
homologically smooth over a field. Precisely:
Theorem. Let k be a field and let A be a non-positive homologically smooth commutative
noetherian DG-ring over k, such that A has bounded cohomology and A0 is a noetherian
ring. Then A is quasi-isomorphic to an ordinary regular ring.
1. PRELIMINARIES
Throughout this paper we will be working with commutative non-positive DG-rings.
These are defined to be graded rings A =
⊕0
n=−∞A
n, with a Z-linear differential d :
A → A of degree +1. Commutativity of A means that for any homogeneous elements
a, b ∈ A there is an equality b · a = (−1)deg(a)·deg(b) · a · b, and a2 = 0 if deg(a) is odd.
A Leibniz rule connects the multiplication of A and the differential d:
d(a · b) = d(a) · b+ (−1)deg(a) · a · d(b).
A complete reference for commutative non-positive DG-rings and derived categories over
them is the book [18]. For such a DG-ring A, we will denote by D(A) the unbounded
derived category of DG-modules over A. For M ∈ D(A), we let amp(M) denote the
cohomological amplitude ofM . The full triangulated subcategory of D(A) which consists
of DG-moduleswith bounded cohomology is denoted byDb(A), that is, of all DG-modules
M such that amp(M) < ∞. The set of degree 0 elements of A, denoted by A0 is a
commutative ring. Moreover, H0(A) is a quotient of A0, and is also a commutative ring.
For any DG-moduleM , its cohomologiesHi(M) are H0(A)-modules. We will say that A
is noetherian if H0(A) is a noetherian ring, and for all i < 0 the H0(A)-module Hi(A) is
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finitely generated. Given two mapsA→ B andA→ C of commutative non-positive DG-
rings, the derived tensor productB ⊗LA C is also a commutative non-positive DG-ring. To
construct it, one factors the map A → B (or A → C) as A → B˜ → B, such that A → B˜
is K-flat, and B˜ → B is a quasi-isomorphism. Then, one sets B ⊗LA C := B˜ ⊗A C. By
working in the homotopy category of DG-rings, one may make this into a bifunctor. In
any case, up to a zig-zag of quasi-isomorphisms, the result is independent of the chosen
resolution of B (or C).
1.1. Homomorphisms of flat dimension 0. We now recall a notion of flatness for maps
between commutative non-positive DG-rings. Following [4, Section 2.2.1] and [14, Sec-
tion 2.2.2] we make the following definition:
Definition 1.1. We say that a map ϕ : A → B between commutative non-positive DG-
rings has flat dimension 0, if for anyM ∈ Db(A), there is an inequality
amp(M ⊗LA B) ≤ amp(M).
Remark 1.2. Given a homomorphism A → B of flat dimension 0, it follows from the
definition that, considered as an object of D(A), the DG-moduleB belongs to the class F ,
in the sense of [8, Section 4.2]. In particular, by [8, Lemma 4.6(4)], for any M ∈ D(A)
and any n ∈ Z, there is a natural isomorphism
(1.3) Hn(M ⊗LA B) ∼= H
0(B)⊗H0(A) H
n(M).
It follows that there is an isomorphism of DG-rings
(1.4) B ⊗LA H
0(A) ∼= H0(B).
See [4, Section 2.2.1.1], [11, Lemma 6.3] and [14, Section 2.2.2] for discussions about
these facts.
Here is an important fact about maps of flat dimension 0:
Proposition 1.5. Given a map ϕ : A → B of flat dimension 0, the induced map H0(ϕ) :
H0(A)→ H0(B) is flat.
Proof. Given an H0(A)-moduleM , it follows from (1.4) and associativity of the derived
tensor product that:
H0(B)⊗LH0(A) M
∼=
(
B ⊗LA H
0(A)
)
⊗LH0(A) M
∼= B ⊗LAM.
Since Hn(M) = 0 for n 6= 0, it follows from (1.3) that
Hn
(
H0(B)⊗LH0(A) M
)
∼= Hn
(
B ⊗LAM
)
∼= H0(B)⊗H0(A) H
n(M) = 0
for all n 6= 0, so that H0(B) is flat over H0(A). 
Homomorphisms of flat dimension 0 are stable under base change:
Proposition 1.6. Given a map ϕ : A → B of flat dimension 0, and a map A → C, the
map C → B ⊗LA C is also of flat dimension 0.
Proof. GiveM ∈ Db(C), by the associativity of the derived tensor product:
(B ⊗LA C)⊗
L
C M
∼= B ⊗LAM.
Since B has flat dimension 0 over A, we know that amp(B ⊗LAM) ≤ amp(M), so that
amp
(
(B ⊗LA C)⊗
L
C M
)
= amp(B ⊗LAM) ≤ amp(M).

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1.2. Localization over commutative DG-rings. Following [16, Section 4], given a com-
mutative non-positive DG-ring A, and given p¯ ∈ Spec(H0(A)), we define the localization
Ap¯ as follows: let p be the preimage of p¯ under the surjection A0 → H0(A), and define
Ap¯ := A⊗A0 A
0
p. IfM is a DG-module over A, we letMp¯ :=M ⊗
L
A Ap¯.
1.3. Koszul complexes and regular sequences over commutative DG-rings. Given a
commutative non-positiveDG-ringA, and given a finite sequence of elements a¯1, . . . , a¯n ∈
H0(A), we define the Koszul complex over A with respect to a¯1, . . . , a¯n as follows: for
each 1 ≤ i ≤ n, choose some ai ∈ A0 whose image in H0(A) is equal to a¯i. Consider A
as a DG-algebra over Z[x1, . . . , xn] by letting xi 7→ ai, and define
K(A; a¯1, . . . , a¯n) := A⊗
L
Z[x1,...,xn]
Z.
Equivalently, noting that
Z ∼= K(Z[x1, . . . , xn];x1, . . . , xn),
we may let
K(A; a¯1, . . . , a¯n) := A⊗Z[x1,...,xn] K(Z[x1, . . . , xn];x1, . . . , xn).
The Koszul complex K(A; a¯1, . . . , a¯n) is also a commutative non-positive DG-ring, and
there is a natural map κ : A → K(A; a¯1, . . . , a¯n). According to [9, Lemma 3.8] or [12,
Proposition 2.6], up to isomorphism in the homotopy category of DG-rings, the Koszul
complex is independent of the chosen lifts of a¯1, . . . , a¯n. A commutative noetherian DG-
ring A is called local if the ring H0(A) is a local ring. If A is local, m¯ is the maximal ideal
of H0(A), and if A has bounded cohomology, then an element a¯ ∈ m¯ is called A-regular
if it is Hinf(A)(A)-regular, that is, if the multiplication map
a¯ · − : Hinf(A)(A)→ Hinf(A)(A)
is injective. A sequence a¯1, . . . , a¯n ∈ m¯ is called A-regular, if a¯1 is A-regular, and the
sequence a¯2, . . . , a¯n isK(A; a¯1)-regular.
1.4. Perfect and tilting DG-modules. Following [16, Sections 5,6] and [18, Chapter 14],
a DG-moduleM over a commutative non-positive DG-ringA is called perfect if it belongs
to the saturated full triangulated subcategory of D(A) generated by A. This is equivalent
toM being a compact object of D(A).
A DG-moduleM is called tilting (or invertible) if there exist a DG-moduleN , such that
M ⊗LA N
∼= A. In that caseM is a perfect DG-module. If A is an ordinary ring andM is
an A-module, then it is well known thatM is tilting if and only if it is projective of rank 1,
if and only if for all p ∈ Spec(A) there is an isomorphismMp ∼= Ap. Similarly, we have
in the DG-setting:
Proposition 1.7. Let A be a commutative non-positive DG-ring, let M ∈ D−(A) be a
bounded above DG-module, and suppose that for any p¯ ∈ Spec(H0(A)), there exist n ∈ Z
such thatMp¯ ∼= Ap¯[n]. ThenM is a tilting DG-module over A.
Proof. Letting M¯ := M ⊗LA H
0(A), we have that for p¯ ∈ Spec(H0(A)) there exist an
n ∈ Z, such that M¯p¯ ∼= H0(A)p¯[n]. This shows (for instance, by [16, Theorem 6.13]), that
M¯ is a tilting H0(A)-module, so by the proof of [16, Theorem 6.14], this implies thatM
is tilting over A. 
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2. DG-RING RETRACTIONS OF FLAT DIMENSION 0
A diagram of commutative non-positive of DG-rings of the form
(2.1) A
ϕ
−→ B
ψ
−→ A
such that ψ ◦ ϕ = 1A is called a DG-ring retraction. The key example to keep in mind is,
given a map A→ B, it give rise to the DG-ring retraction
B → B ⊗LA B → B.
We now study retractions of the form (2.1) such that A
ϕ
−→ B is of flat dimension 0.
Theorem 2.2. Given a DG-ring retraction of commutative non-positive DG-rings
A
ϕ
−→ B
ψ
−→ A
such that ϕ has flat dimension 0, it holds that A is perfect over B if and only if H0(A) is
perfect over H0(B).
Proof. According to [16, Theorem 5.11], we have that A is perfect over B if and only if
A⊗LB H
0(B)
is perfect over H0(B). Using (1.4), we have that
A⊗LB H
0(B) ∼= A⊗LB
(
B ⊗LA H
0(A)
)
∼= H0(A).
We see that A is perfect over B if and only if H0(A) is perfect over H0(B). 
Next, we wish to discuss a situation where for such a retraction, when A is perfect
over B, it has, locally, an explicit semi-free resolution which demonstrates its perfectness.
Notice that given a retraction of DG-rings
A
ϕ
−→ B
ψ
−→ A
applying the functor H0 to it give rise to a retraction
H0(A)
H0(ϕ)
−−−−→ H0(B)
H0(ψ)
−−−−→ H0(A)
of commutative rings. In particular it follows that the map H0(ψ) : H0(B) → H0(A) is
surjective.
Recall that a surjective homomorphism ψ : B → A between commutative noetherian
rings is called a complete intersection homomorphism if the ideal ker(ψ) is generated by
a B-regular sequence. A surjection ψ : B → A is called a locally complete intersection if
for any q ∈ Spec(A), letting p = ψ−1(q), the induced map ψp : Bp → Aq is a complete
intersection. Equivalently, the ideal ker(ψp) ⊆ Bp is generated by a Bp-regular sequence.
If a1, . . . , an is a Bp-regular sequence such that ker(ψp) = (a1, . . . , an), we deduce that
(2.3) Aq ∼= Bp/ ker(ψp) ∼= K(Bp; a1, . . . , an),
where the latter denotes the Koszul complex over Bp with respect to a1, . . . , an. If more-
over the map ψ is part of a retraction diagram
A
ϕ
−→ B
ψ
−→ A
then we may realize the isomorphism (2.3) as the composition
Aq
ϕp
−−→ Bp
κ
−→ K(Bp; a1, . . . , an)
where κ is the canonical map from a ring to the Koszul complex over it.
To generalize this to the DG-setting, we propose the following definition:
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Definition 2.4. Let ψ : B → A be a map between commutative non-positive DG-rings,
such that H0(B) and H0(A) are noetherian, and such that H0(ψ) is surjective.
(1) We say that ψ is a complete intersection if there exist a¯1, . . . , a¯n ∈ ker
(
H0(ψ)
)
such that there is a quasi-isomorphismA ∼= K(B; a¯1, . . . , a¯n).
(2) We say that ψ is a local complete intersection if for any q¯ ∈ Spec(H0(A)), letting
p¯ = H0(ψ)−1(q¯), there exist a¯1, . . . , a¯n ∈ ker
(
H0(ψp)
)
such that there is a
quasi-isomorphismAq¯ ∼= K(Bp¯; a¯1, . . . , a¯n).
Theorem 2.5. Assume there is a DG-ring retraction of commutative non-positiveDG-rings
A
ϕ
−→ B
ψ
−→ A
such that ϕ has flat dimension 0, and the rings H0(A) and H0(B) are noetherian. Then
the following are equivalent:
(1) The map H0(ψ) is a local complete intersection.
(2) The map ψ is a local complete intersection, such that for any q¯ ∈ Spec(H0(A)),
letting p¯ = H0(ψ)−1(q¯), the quasi-isomorphism Aq¯ ∼= K(Bp¯; a¯1, . . . , a¯n) is
given by the composition
Aq¯
ϕp¯
−−→ Bp¯
κ
−→ K(Bp¯; a¯1, . . . , a¯n).
Proof. Suppose that H0(ψ) is a local complete intersection. Given any q¯ ∈ Spec(H0(A)),
letting p¯ = H0(ψ)−1(q¯), take a H0(B)-regular sequence a¯1, . . . , a¯n ∈ ker
(
H0(ψp¯)
)
such
that ker
(
H0(ψp¯)
)
= (a¯1, . . . , a¯n). Since localization is exact, the map ϕp¯ is still of flat
dimension 0. Consider the diagram of maps of DG-rings:
(2.6) Aq¯
ϕp¯
−−→ Bp¯
κ
−→ K(Bp¯; a¯1, . . . , a¯n).
To show that κ ◦ ϕp¯ is a quasi-isomorphism, we may consider it as a morphism in D(Bp¯),
and it is enough to show that in D(Bp¯) it is an isomorphism. Since all these DG-rings are
non-positive, by [16, Proposition 3.1], it is enough to show that the map
(κ ◦ ϕp¯)⊗
L
Bp¯
H0(Bp¯) : Aq¯ ⊗
L
Bp¯
H0(Bp¯)→ K(Bp¯; a¯1, . . . , a¯n)⊗
L
Bp¯
H0(Bp¯)
is an isomorphism. Using (1.4) and [12, Proposition 2.9], the application of the functor
−⊗LBp¯ H
0(Bp¯) to (2.6) yields the diagram:
(2.7) H0(Aq¯)→ H
0(Bp¯)→ K(H
0(Bp¯); a¯1, . . . , a¯n).
By our assumption onH0(ψ), the composition (2.7) is an isomorphism, which implies that
(2.6) is also an isomorphism, so that ψ is a local complete intersection. Conversely, if there
are a¯1, . . . , a¯n ∈ ker
(
H0(ψp¯)
)
such that the composition
Aq¯
ϕp¯
−−→ Bp¯
κ
−→ K(Bp¯; a¯1, . . . , a¯n)
is a quasi-isomorphism, applying −⊗LBp¯ H
0(Bp¯) to it gives the diagram
H0(Aq¯)→ H
0(Bp¯)→ K(H
0(Bp¯); a¯1, . . . , a¯n).
in which the composition is still a quasi-isomorphism, which implies that a¯1, . . . , a¯n is a
H0(Bp¯)-regular sequence, so that H0(ψ) is a local complete intersection. 
Under a stronger noetherian assumption, we can say slightly more:
Proposition 2.8. In the situation of Theorem 2.5, assume also that the DG-rings A and
B are noetherian and have bounded cohomology. Then the sequence a¯1, . . . , a¯n is a Bp¯-
regular sequence.
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Proof. Since the map Aq¯ → Bp¯ is of flat dimension 0, we know by (1.3) that
Hn(Bp¯) ∼= H
0(Bp¯)⊗H0(Aq¯) H
n(Aq¯),
so that amp(Bp¯) ≤ amp(Aq¯). On the other hand, the fact that
Aq¯ → Bp¯ → Aq¯
is a retraction shows that applying the functor Hn gives a retraction
Hn(Aq¯)→ H
n(Bp¯)→ H
n(Aq¯)
which implies that amp(Bp¯) ≥ amp(Aq¯). It follows that there are equalities
amp(Bp¯) = amp(Aq¯) = amp (K(Bp¯; a¯1, . . . , a¯n)) .
By [9, Lemma 3.13(2)], this implies that a¯1, . . . , a¯n is a Bp¯-regular sequence. 
Finally, we combine the local complete intersection and perfectness assumptions, and
obtain the following variant of Van den Bergh duality (see [15, Theorem 1]):
Theorem 2.9. Assume there is a DG-ring retraction of commutative non-positiveDG-rings
A
ϕ
−→ B
ψ
−→ A
Suppose that:
(1) The map ϕ has flat dimension 0.
(2) The rings H0(A) and H0(B) are noetherian, and the map H0(ψ) is a local com-
plete intersection.
(3) The DG-ring A is perfect over B.
Then the following holds:
(1) The DG-module RHomB(A,B) ∈ D(A) is a tilting DG-module.
(2) Assume further that the noetherian ring H0(A) has connected spectrum. Then
there exist an n ∈ N, and a tilting H0(A)-module N¯ such that for anyX ∈ D(B)
and any i ∈ Z there is a natural isomorphism
Hi (RHomB(A,X)) ∼= N¯ ⊗H0(A) H
i−n
(
A⊗LB X
)
.
Proof. Given any q¯ ∈ Spec(H0(A)), let p¯ = H0(ψ)−1(q¯). Set M = RHomB(A,B) ∈
D(A). We will calculate the localizationMq¯. By [18, Theorem 14.1.22], the fact that A is
perfect over B implies that
Mq¯ =M ⊗
L
A Aq¯ = RHomB(A,B)⊗
L
A Aq¯
∼= RHomB(A,B ⊗
L
A Aq¯).
By adjunction and associativity of the derived tensor product, we have:
RHomB(A,B ⊗
L
A Aq¯)
∼= RHomB(A,B ⊗
L
A (A⊗
L
B Bp¯))
∼=
RHomB(A,Bp¯) ∼= RHomBp¯(A⊗
L
B Bp¯, Bp¯)
∼= RHomBp¯(Aq¯, Bp¯).
According to Theorem 2.5 there exist a¯1, . . . , a¯n ∈ H0(Bp¯), such that
Aq¯ ∼= K(Bp¯; a¯1, . . . , a¯n).
Hence, by [12, Proposition 2.12], we obtain that
Mq¯ ∼= RHomBp¯(Aq¯, Bp¯)
∼= RHomBp¯(K(Bp¯; a¯1, . . . , a¯n), Bp¯)
∼=
(K(Bp¯; a¯1, . . . , a¯n)) [−n] ∼= Aq¯[−n].
By Proposition 1.7, this implies that M is tilting. This establishes the first claim. Next,
assume that Spec(H0(A)) has connected spectrum. This implies that the integer n from
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above is constant, and independent of the chosen q¯. Hence, the complex ofH0(A)-modules
M ⊗LA H
0(A) has amplitude 0, so it is a shift of a tilting H0(A)-module. This implies by
[7, Corollary 7.2.2.19] that M is a shift of an object in the class P , in the sense of [8,
Section 2.2]. Hence, using [18, Theorem 14.1.22], we have that
Hi (RHomB(A,X)) ∼= H
i
(
M ⊗LB X
)
∼= Hi
(
M ⊗LA (A⊗
L
B X)
)
.
Let n = sup(M), and let N¯ = Hn(M). Notice that N¯ ∼= Hn(M ⊗LA H
0(A)), so that N¯ is
a tilting H0(A)-module. Note further thatM [n] belongs to the class P , so it also belongs
to the class F . Hence, by [8, Lemma 4.6], we have that
Hi
(
M ⊗LA (A⊗
L
B X)
)
∼= Hi−n
(
M [n]⊗LA (A⊗
L
B X)
)
∼= N¯ ⊗H0(A) H
i−n
(
A⊗LB X
)
.

3. HOMOLOGICALLY SMOOTH MAPS OF FLAT DIMENSION 0
We now apply the results of the previous section in the following situation. Suppose
that ϕ : A→ B is a map of commutative non-positive DG-rings which is of flat dimension
0. As noted above, it give rise to a retraction of DG-rings
(3.1) B → B ⊗LA B → B
Moreover, note that the assumption that ϕ is of flat dimension 0 implies by Proposition 1.6
that the map B → B ⊗LA B is of flat dimension 0.
The next definition is due to Kontsevich:
Definition 3.2. A map A→ B of commutative DG-rings is called homologically smooth
if it makes B into a perfect object of D(B ⊗LA B).
Corollary 3.3. Suppose that ϕ : A → B is a map of commutative non-positive DG-
rings which is of flat dimension 0. Then ϕ is homologically smooth if and only if H0(ϕ) :
H0(A)→ H0(B) is homologically smooth.
Proof. This follows from applying Theorem 2.2 to (3.1). 
Recall that a if k is a field, and A is a commutative noetherian k-algebra, then A is
called geometrically regular if L⊗kA is a regular ring for any finite field extension k ⊆ L.
A map A → B between commutative noetherian rings is called regular if it is flat and all
of its fibers are geometrically regular.
Corollary 3.4. Suppose that ϕ : A → B is a map of commutative non-positive DG-rings
which is of flat dimension 0. Assume further that H0(A) and H0(B) are noetherian rings.
Then ϕ is homologically smooth if and only if the map H0(ϕ) : H0(A) → H0(B) is
regular.
Proof. This follows from Corollary 3.3 and the fact that a flat map between commutative
noetherian rings is homologically smooth if and only if it is regular, a result proved in [10,
Theorem 1]. 
AmapA→ B between commutative noetherian rings is called essentially of finite type
if it is a localization of a finite type map.
Corollary 3.5. Suppose that ϕ : A → B is a map of commutative non-positive DG-rings
which is of flat dimension 0. Assume further that H0(A) and H0(B) are noetherian rings,
and that H0(ϕ) : H0(A) → H0(B) is essentially of finite type. Then ϕ is homologically
smooth if and only if the map H0(ϕ) : H0(A)→ H0(B) is smooth.
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Proof. This follows from Corollary 3.4 and the fact that for essentially finite type maps,
being regular is the same as being smooth. See [1, Theorem 1.1]. 
Remark 3.6. A map ϕ : A → B which is of flat dimension 0, and such that the induced
map H0(ϕ) : H0(A) → H0(B) is smooth, is called a smooth map in [14, Section 2.2.2]
and [4, Section 2.1.4]. We thus see that the maps that are called smooth in derived algebraic
geometry are exactly the homologically smooth maps of flat dimension 0.
Corollary 3.7. Suppose that ϕ : A → B is a map of commutative non-positive DG-rings
which is of flat dimension 0. Assume further that H0(A) and H0(B) are noetherian rings,
and that H0(ϕ) : H0(A) → H0(B) is essentially of finite type. Then the following are
equivalent:
(1) The map ϕ is smooth.
(2) The induced map B ⊗LA B → B is a local complete intersection: for any q¯ ∈
Spec(H0(B)), letting p¯ ∈ Spec(H0(B⊗LAB)) be its preimage along the diagonal
map, there exist a¯1, . . . , a¯n ∈ H
0((B ⊗LA B)p¯), such that the composition
Bq¯
ϕp¯
−−→ (B ⊗LA B)p¯
κ
−→ K((B ⊗LA B)p¯; a¯1, . . . , a¯n)
is a quasi-isomorphism.
If moreover the DG-rings A,B are noetherian and have bounded cohomology, then the
sequence a¯1, . . . , a¯n ∈ H
0((B ⊗LA B)p¯) is a (B ⊗
L
A B)p¯-regular sequence.
Proof. Let us denote the map B ⊗LA B → B by∆. By Corollary 3.5 the map ϕ is smooth
if and only if the map H0(ϕ) is smooth, and by [1, Theorem 1.1], this is equivalent to the
map
H0(∆) : H0(B)⊗H0(A) H
0(B)→ H0(B)
being a local complete intersection. By Theorem 2.5, this is equivalent to (2) above. Under
the additional assumption that A,B are noetherian and with bounded cohomology, our
assumptions imply thatB⊗LAB is also noetherian and has bounded cohomology, so (B⊗
L
A
B)p¯-regularity of a¯1, . . . , a¯n follows from Proposition 2.8. 
Next we have the following version of Van den Bergh duality ([15, Theorem 1]):
Corollary 3.8. Suppose that ϕ : A → B is a map of commutative non-positive DG-rings
which is of flat dimension 0. Assume further that H0(A) and H0(B) are noetherian rings,
and that H0(ϕ) : H0(A) → H0(B) is essentially of finite type. If ϕ is smooth then the
following holds:
(1) Letting M := RHomB⊗L
A
B(B,B ⊗
L
A B) ∈ D(B), we have that M is a tilting
DG-module, and for anyX ∈ D(B ⊗LA B), there are natural isomorphisms
RHomB⊗L
A
B(B,X)
∼=M ⊗LB (B ⊗
L
B⊗L
A
B
X)
and
M−1 ⊗LB RHomB⊗L
A
B(B,X)
∼= B ⊗LB⊗L
A
B
X
(2) If moreover the noetherian ring H0(B) has connected spectrum, then there exist
a tilting H0(B)-module M¯ and an integer n, such that for all i ∈ Z and all
X ∈ D(B ⊗LA B) there is a natural isomorphism
ExtiB⊗L
A
B(B,X)
∼= M¯ ⊗H0(B) Tor
B⊗L
A
B
n−i (B,X).
Proof. This follows from Theorem 2.9. 
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Corollary 3.9. . Suppose that ϕ : A→ B is a map of commutative non-positive DG-rings
which is of flat dimension 0. Assume further that H0(A) and H0(B) are noetherian rings,
and that H0(ϕ) : H0(A) → H0(B) is essentially of finite type. If ϕ is smooth then there
exist a tilting DG-moduleN ∈ D(B) such that
RHomB⊗L
A
B(B,N ⊗
L
A N)
∼= N.
Proof. LetM := RHomB⊗L
A
B(B,B⊗
L
AB). By Corollary 3.8, we know thatM is tilting
overB. LetN =M−1, so N is also tilting over B. Then by Corollary 3.8 we have that:
RHomB⊗L
A
B(B,N ⊗
L
A N)
∼=M ⊗LB
(
B ⊗L
B⊗L
A
B
(N ⊗LA N)
)
.
The reduction to the diagonal isomorphism (see for instance [3, Equation (3.11.2)]) says
that
B ⊗L
B⊗L
A
B
(N ⊗LA N)
∼= N ⊗LB N.
This implies that
RHomB⊗L
A
B(B,N ⊗
L
A N)
∼=M ⊗LB N ⊗
L
B N
∼= N,
proving the claim. 
Remark 3.10. Following [16, Definition 9.2], given a map of commutative DG-ringsA→
B, a DG-moduleN ∈ D(B) together with an isomorphism
ρ : N → RHomB⊗L
A
B(B,N ⊗
L
A N)
is called a rigid DG-module over B relative to A. Thus, the above corollary states that in
the above smooth situation, there exist a tilting DG-module over B which is rigid over B
relative toA. In this smooth context, one may view this result as a generalization of similar
results from [2, 11, 17, 19].
4. HOMOLOGICAL SMOOTHNESS AND FLATNESS OVER A BASE RING
In this final section we study homologically smooth commutative DG-rings A over a
base ring k. Here, since the base k is a ring, it makes no sense to impose a flat dimension
0 assumption, as this would imply that amp(A) = 0. Instead, we will assume that the
induced map k → H0(A) is flat. This is the case, for instance, if k is a field. Our main
result below shows that under a noetherian assumption, commutative DG-rings which are
not equivalent to a ring are never homologically smooth over a field.
Theorem 4.1. Let k be a commutative noetherian ring, and let A be a non-positive com-
mutative noetherian DG-ring over k. Assume that:
(1) The map k→ A is homologically smooth.
(2) The DG-ring A is noetherian, it has bounded cohomology, and the ring A0 is
noetherian.
(3) The map k→ H0(A) obtained from the composition k→ A→ H0(A) is flat.
Then the natural map A→ H0(A) is a quasi-isomorphism of DG-rings.
Proof. The assumption that A is homologically smooth over k means that A is a perfect
DG-module over A⊗L
k
A. By [16, Theorem 5.11], this is equivalent to the fact that
A⊗L
A⊗L
k
A
H0(A⊗L
k
A)
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is a perfect complex over the ring H0(A ⊗L
k
A). Since A is non-positive, by the Künneth
Trick ([18, Lemma 13.1.36]), we have that
H0(A⊗L
k
A) ∼= H0(A)⊗k H
0(A),
and since we assumed that H0(A) is flat over k, this is isomorphic to H0(A) ⊗L
k
H0(A).
Thus, we deduce that the complex
A⊗L
A⊗L
k
A
(
H0(A)⊗L
k
H0(A)
)
is a perfect complex over the ring H0(A) ⊗k H0(A). By the reduction to the diagonal
isomorphism ([3, Equation (3.11.2)] or [11, Proposition 5.3]), we may compute the above
derived Hochschild homology, and obtain a natural isomorphism
A⊗L
A⊗L
k
A
(
H0(A) ⊗L
k
H0(A)
)
∼= H0(A)⊗LA H
0(A)
in D(H0(A)⊗kH0(A)). In particular, the complexH0(A)⊗LAH
0(A) has finite flat dimen-
sion over H0(A) ⊗k H0(A). Since H0(A) is flat over k, we know that H0(A) ⊗k H0(A)
is flat over H0(A), so we may deduce from the above that the complex H0(A) ⊗LA H
0(A)
has finite flat dimension over H0(A). But it also has finitely generated cohomology over
H0(A), and H0(A) is a noetherian ring, so we may deduce that H0(A)⊗LA H
0(A) is a per-
fect complex over H0(A). Applying [16, Theorem 5.11] again, we deduce that H0(A) is a
perfect DG-module over A. By [16, Theorem 7.21] (or [5, Theorem 0.2] in case H0(A) is
local), this implies that the map A→ H0(A) is a quasi-isomorphism. 
Corollary 4.2. Assume the conditions of the above theorem, and assume further that the
ring k is a regular ring. Then A ∼= H0(A) is also a regular ring.
Proof. We may replace A by H0(A) and assume that A is a ring. We know that A is flat
and homologically smooth over k, which implies by [10, Theorem 1] that the map k→ A
is a regular morphism. Since k is a regular ring, this implies that A is a regular ring. 
Corollary 4.3. Let k be a field and let A be a non-positive homologically smooth com-
mutative noetherian DG-ring over k, such that A has bounded cohomology and A0 is a
noetherian ring. Then A is quasi-isomorphic to a regular ring.
Using the generic flatness theorem, we may deduce from this that noetherian DG-rings
that are homologically smooth over a integral domain are quasi-isomorphic to a ring on a
non-empty open set.
Corollary 4.4. Let k be a noetherian integral domain, and let A be a noetherian DG-ring
over k with bounded cohomology such that A0 is a noetherian ring. Assume that A is
homologically smooth over k, and that the induced map k→ H0(A) is of finite type. Then
the set
W = {p¯ ∈ Spec(H0(A)) | Ap¯ ∼= H
0(Ap¯)}
is a non-empty open set.
Proof. Let n = − inf(A) = amp(A). For each k ∈ N, consider the set
Vk = {p¯ ∈ Spec(H
0(A)) | Hk(Ap¯) 6= 0}.
The noetherian assumption onA implies thatHk(A) is a finitely generatedH0(A)-module,
so the set Vk , being the support of a finitely generated module, is closed. Since
W = Spec(H0(A)) \ (V−1 ∪ V−2 ∪ · · · ∪ V−n) ,
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we see thatW is open. On the other hand, denoting the map k → H0(A) by ϕ, we know
from [13, tag 051R] that the set
{p¯ ∈ Spec(H0(A)) | kϕ−1(p¯) → H
0(A)p¯ is flat}
is non-empty. Hence, by Theorem 4.1, the setW is also non-empty. 
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